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Abstract 

The Darwin-Breit Hamiltonian is applied to the Aharonov-Bohm experiment. 
In agreement with the standard Maxwell-Lorentz theory, the force acting on 
electrons from infinite solenoids or ferromagnetic rods vanishes. However, the 
interaction energies and phase factors of the electron wave packets are non-zero. 
This allows us to explain the Aharonov-Bohm effect without involvement of 
electromagnetic potentials, fields, and topological properties of space. 

1 Introduction 

In recent proposals to reformulate classical Maxwell-Lorentz electrodynamics, electric 
and magnetic interactions propagate instantaneously [HE] and the free electromagnetic 
field is an approximation for a large ensemble of discrete quantum particles - photons 
[3J HI [5]. These ideas of "field- less" electrodynamics are attractive for several reasons. 
First, the traditional continuous field description of radiation is in conflict with corpus- 
cular properties of light that are evident in all kinds of single-photon experiments, in 
the photo-electric effect, etc. Second, the traditional notions of the momentum and en- 
ergy contained in electromagnetic fields lead to divergences, "4/3 problem" and other 
paradoxes [HI [7J [8j [9], which can be avoided in the field- less description. Third, the 
usual assumption of the retarded character of the Coulomb and magnetic interactions 
has not been confirmed by experiment and this assumption results in the paradox of 



1 Of course, there exist indirect interactions between particles transmitted by real photons emitted, 
absorbed, and scattered by accelerated charges [UEIHQ]- It is well-established that these indirect 
interactions propagate with the speed of light c, and they are responsible for radar, radio, TV, etc. 
signals. We will not discuss the electromagnetic radiation effects in this paper. 
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energy non-conservation [TT]J1 On the other hand, the indirect support for field-less 
electrodynamics is provided by numerous experiments [TJJ EES HH EE51 EE51 EE7J [TBI EE], 
which can be interpreted as an evidence of instantaneous action-at-a-distance. It was 
also demonstrated that such a superluminality does not violate the principle of causal- 
ity [201 [TO] , and that action-at-a-distance potentials can be a reasonable alternative to 
the general relativistic description of gravity [21] . 

First attempts at Hamiltonian formulations of electrodynamics without fields were 
undertaken by Darwin ]22j and Breit [23J. They found that electromagnetic effects 
in the (1/c) 2 approximation can be represented by instantaneous interparticle forces. 
The relativistic invariance of this approach was established in [21]. The Darwin-Breit 
Hamiltonian was successfully applied to various electromagnetic problems, such as the 
fine structure in atomic spectra [23, [2S], superconductivity and properties of plasma 

[2ZII2H1I23]. 

The Aharonov-Bohm effect [30, EU [321 E3] is usually believed to be an indica- 
tion of the fundamental importance of electromagnetic potentials and fields in nature. 
Although, several non- conventional explanations of this effect were suggested in the 
literature [HH ESI EE] , as far as I know, there were no attempts to interpret this ef- 
fect in terms of direct interactions between particles. In this paper we would like to 
fill this gap and to suggest a simple description of the Aharonov-Bohm effect within 
the Darwin-Breit action-at-a-distance theory. This explanation does not involve the 
notions of electromagnetic potentials, fields, and non-trivial space topologies. 

In section [2] we briefly discuss the relativistic Hamiltonian quantum mechanics and 
formulation of the Darwin-Breit theory as a classical limit of the dressed particle version 
of quantum electrodynamics (QED) [371 fTO] . In section [3] we apply the Darwin-Breit 
Hamiltonian to interactions of a moving point charge with solenoids and ferromagnets. 
The new approach to the Aharonov-Bohm effect is discussed in section [U 

2 Relativistic Hamiltonian dynamics 

One class of problems characteristic to Maxwell-Lorentz electrodynamics is related 
to the apparent non-conservation of total observables (energy, momentum, angular 
momentum, etc.) in systems of interacting charges. Indeed, in the theory based on 
Maxwell's equations there is no guarantee that total observables are conserved, that 
Newton's third law of action and reaction is valid, and that total energy and momentum 
form a 4- vector quantity. Suggested solutions of these paradoxes P, EH1 EH[ HQl SU, 021 
H31 HU HH H6[ H7J involved such ad hoc constructions as "hidden momentum", the 
energy and momentum of electromagnetic fields, "Poincare stresses", etc. 

2 The explanation of this paradox suggested in [11] is not satisfactory, because it assumes interaction 
of overlapping light waves, which is known to be negligibly small from QED. 
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In theoretical physics it is well established that conservation laws are consequences 
of the invariance of observations with respect to inertial transformations of reference 
frames. These transformations are elements of the Poincare group. So, the conservation 
of total observables and their correct transformation properties can be guaranteed in an 
approach based on a (Hamiltonian) theory of representations of the Poincare group. In 
quantum mechanics, such an approach is realized within Wigner-Dirac theory |3BJ EE 
I5"U] in which dynamics of any isolated physical system is described as a representation 
of the Poincare Lie algebra by Hermitian operators in the Hilbert space of states. 
Representatives of ten basis elements (generators) of the Poincare Lie algebra are 
identified with observables of the total linear momentum P, total angular momentum 
J, total energy (the Hamiltonian) H, and "boost" operatocl K. In the instant form of 
Dirac's dynamics |49j . these generators have the form 



P = Po (1) 

J = Jo (2) 

K = K + Z (3) 

H = H + V (4) 

where the non-interacting parts P , Jo,K ,if are simply sums of one-particle gener- 
ators, and interactions are contained in the potential energy V and potential boost Z 
operators. 

The commutator of any observable F with the Hamiltonian H determines the time 
evolution of this observable in the Heisenberg picture of quantum mechanics 



dF(t) i 
— ~ h [H ' F] 

Then the conservation of observables H, P and J follows automatically from their 
vanishing commutators with H. These conservation laws hold true independent on 
interactions that may be present in the multiparticle system. This simple fact is not at 
all obvious in the Maxwell-Lorentz theory, which, for example, has serious difficulties 
in explaining the conservation of the total angular momentum of a moving capacitor 
in the Trouton-Noble experiment [7J SB ES EH E21 [531 EI] • 

There are three essential steps JTU] that need to be made in order to arrive at the 
Darwin-Breit Hamiltonian from QED, which is rightly considered the most accurate 
physical theory in existence. First, the "dressed particle" approach [551 EHl [371 El] 
should be applied, which allows one to formulate the quantum field theory in terms of 

3 This operator does not have interpretation as a common mechanical observable, however it is 
closely related to observables of the center-of-mass position and spin [TU] . 
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physical (rather than "bare") particles and avoid ultraviolet divergences. This leads to 
the perturbation expansion of the potential energy operator V whose terms are direct 
particle interactions. In the second perturbation order the interaction is a sum of 
two-particle terms, so it is possible to consider only the two-particle sector of the Fock 
space and express the interaction energy as a function of particle charges q^ positions 
rj, momenta p,, spins Sj, and energies hi = \fm 2 c 4 + pfc 2 . Second, in the classical limit 
(H — > 0) commutators of operators are replaced by Poisson brackets {...,...}. Finally, 
for low- velocity processes of classical electrodynamics one can represent all quantities 
as series in powers of 1/c and leave only terms of order not higher than (1/c) 2 . In these 
approximations the set of generators (CQ) - (Ej) takes the form 
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V 
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The Hamiltonian H = H + V is the Darwin-Breit Hamiltonian for two charged spin- 
ning particlesJll It contains the familiar Coulomb energy ([6]) and the Darwin potential 



4 We use the Heaviside-Lorentz system of units and denote r = ri — T2 throughout this paper. 
This form of the Darwin-Breit Hamiltonian can be found in eqs. (9.50) - (9.55) in [10] , where contact 
terms proportional to 5(r) are not relevant for classical mechanics and can be omitted. Also here we 
express the potential energy of interaction in terms of particles' magnetic moments \ii — eSi/(m,ic) 
which correspond to the gyromagnetic ratio g « 2 characteristic for electrons. 
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energy (J7|) [22], which is responsible for magnetic interactions between charged parti- 
cles. Further relativistic corrections are given by the spin-orbit and spin-spin @ 
interactions. A straightforward computation shows that Poisson brackets of the above 
generators satisfy the Poincare Lie algebra relationships within (1/c) 2 approximation 

[2HE3EB]. 



3 Interaction between charges and magnetic dipoles 

In the Aharonov-Bohm effect [30] a charged particle (e.g., an electron labeled by the 
index 1) interacts with an infinite solenoid or ferromagnetic rod (which can be repre- 
sented as a collection of point magnetic moments 2). This experiment is not sensitive 
to the electron's spin orientation, and the charge of the solenoid/rod is zero. Then 
we can assume j2\ — and q 2 = 0, omit interaction terms (EI), (JTj), ([9]), and write the 
simplified Hamiltonian for the system "point magnetic dipole + charge"El 



Pi _P|_ _ p\ _ P% gi[#2 x r] ■ p 2 _ gjgg x r] ■ pi 
2m! 2m 2 &m\c 2 8m 2 c 2 87rm 2 cr 3 47rm 1 cr 3 



The time derivative of the first particle's momentum can be obtained from the 
Hamilton's equation of motion 



dpi f , dH 

lif = { ^' Pl} = -^ 

gi[pi X /2 2 ] _ 3gi([pi x /Z 2 ] ■ r)r _ q 1 [p 2 x /x 2 ] 3gi([p 2 x /2 2 ] • r)r 
ATTmicr 3 4iimicr 5 87rm 2 cr 3 87rm 2 cr 5 

The time derivative of the second particle's momentum follows from the law of conser- 
vation of the total momentum ([P, H] = 0) 



-f = { P 2,H} = {P- Pl ,H} = -{ Pl ,H} = —^ (11) 

This is the third Newton's law of action and reaction, which holds exactly in the 
instant form of dynamics, and there is no need to invoke such dubious notions as 
"hidden momentum" and/or momentum of electromagnetic fields in order to enforce 
this law. 

5 Here we drop the first two terms in |5j), which are the rest energies of the two particles and do 
not have any effect on dynamics. 
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It is difficult to measure momenta of particles and their time derivatives in exper- 
iment. It is much easier to measure velocities and accelerations, e.g., by the time- 
of-flight technique [59]. The velocity of the charged particle 1 is obtained from the 
Hamilton's equation 



Vl = f?El = J ri h\ = — = — - p i pi - 9l ^ 2 X r J (12) 
dt dpi mi 2m\c Arrmicr 3 

This relationship is interaction-dependent because the interaction energy in ( fTOl) is 
momentum-dependent. From ffTTT) . ffT2"]) . and vector identity [a x [b x c]] = b(a ■ c) — 
c(a-b) we obtain the acceleration of the charged particle interacting with the magnetic 
moment at rest (p2 = 0) 



d2vi r m 



Pi qi[fi2 x r] 3qi\jt 2 x r](r ■ r) 



QilPi x (2 2 ) 3gi([pi x /2 2 ] ■ r)r 3qi[f2 2 x r](r • 



2irmicr 3 Anrriicr 5 A-Km\cr b 

gi[Pi x gg] _ 3gi|p_i x [r x [/7 2 x r]|] 

27rmfcr 3 47rmfcr 5 
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47rmfcr 3 Anm{cr 



V! x B] (13) 



This agrees with the standard Lorentz force formula if another standard expression 
(see eq. (5.56) in [60] ) 



„ uo 3(/i2 ■ r)r / x 

B = --p T + , ' 14 

is used for the "magnetic field" of the magnetic moment J§ 

In Appendix A we show that the same "magnetic field" is created by a small circular 
loop with current. The "magnetic field" of infinitely long thin solenoid or infinitely 
long ferromagnetic rod can be obtained by integrating (1141) along the length of the 



6 We write "magnetic field" in quotes, because in the Darwin-Breit approach there are no fields 
(electric or magnetic) having independent existence at each space point. There are only direct inter- 
particle forces, and in eq. (fTi]) ri and Y2 are coordinates of two particles, rather than general points 
in space. 
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Figure 1: The Aharonov-Bohm experiment. 

solenoid/rod. It is easy to show that this integral vanishes. This agrees with the 
prediction of Maxwell's theory that a charge is moving without acceleration in the 
vicinity of an infinite magnetized solenoid/rod. In particular, this result is consistent 
with the lack of "time lag" in experiments [59] . 

4 The Aharonov-Bohm effect 

Let us consider the following idealized version of the Aharonov-Bohm experiment (see 
fig. [T]): An infinite solenoid or ferromagnetic rod with negligible cross-section and 
linear magnetization fi is erected vertically in the origin (grey arrows). The electron 
wave packet is split into two parts (e.g., by using a double-slit) at point A. These 
subpackets travel on both sides of the solenoid/rod with constant velocity v 1; and the 
distance of the closest approach is R. The subpackets rejoin at point B, where the 
interference is measured. (The two trajectories AA\B\B and AA 2 B 2 B are denoted 
by broken lines.) The distance AB is sufficiently large, so that electron's path can be 
assumed parallel to the ?/-axis everywhere 



n(*) = (±R,v 1 t,0) (15) 

Experimentally it was found that the interference of the two wave packets at point 
B depends on the magnetization of the solenoid/rod [31]. In the preceding section 
we demonstrated that electron's acceleration is zero. Therefore the Aharonov-Bohm 
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effect cannot be explained as a result of classical forces [3U EB E21 E3]- To resolve 
this paradox it is sufficient to mention that the representation of the wave packet as a 
point moving through space along the trajectory ( fT5l) is an oversimplification. A more 
complete description of the electron's wave function should also include the overall 
phase factor 



The action integral S(t) for the one-particle wave packet that traveled between time 
points t and t is 



S(t) S (16) 



where V\{€) is the contribution to the particle's energy due to the external potential. 
Then the interference of the "left" and "right" wave packets at point B will depend 
on the relative value of phase factors accumulated by them along the path AB 



<P - \{s nght -s left ) 

Let us now calculate the relative phase shift in the geometry of fig. HJ The kinetic 
energy term in (1161) does not contribute, because velocity remains constant for both 
paths. However, the potential energy of the chargdj] 



y i ?i(^xvi]-ri) _ qi(\j2 x vi] ■ ri 



Attc(x 2 + y 2 + z 2 ) 3 / 2 2irc(x 2 + y 2 ) 

is different for the two paths. For all points on the "right" path the numerator of this 
expression is —qifiviR, and for the "left" path the numerator is qifiv±R. Then the 
total phase shift is 



CO 

1 f qifiRvi e/i 
-at = — 



h J tcc{R 2 + v\t 2 ) he 



7 Here we integrate the last term in eq. (|10[) along the length of the solenoid and notice that the 
mixed product {[jl x vi] • ri) is independent on z. 
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Figure 2: Interaction between current loop and charge 



This phase difference does not depend on the electron's velocity and on the value 
of R. However, it is proportional to the rod's magnetization //. So, all essential 
properties of the Aharonov-Bohm effect are fully described within the Darwin-Breit 
direct interaction theory]^ In our description the Aharonov-Bohm effect is a quantum 
phenomenon, however, in contrast to traditional views, this effect does not prove the 
existence of scalar and/or vector electromagnetic potentials, and it is not essential 
whether the solenoid/rod is infinite (so that it induces a multiple-connected topology 
of space) or not. The latter point is supported by experiments with finite- length 
magnetized nanowires, which exhibit the phase shift similar to that characteristic for 
infinite solenoids/rods [64J. 

I am thankful to Dr. Peter Enders for helpful comments and discussions. 



A Appendix. Current loop and charge 

Let us calculate the interaction energy between a neutral circular current loop of small 
radius a and a point charge in the geometry shown in fig. [21 There are three types 

8 These results were derived for thin ferromagnetic rods and solenoids, however the same arguments 
apply to cylindrical rods and solenoids of any cross-section. A cylindrical rod can be represented as 
a bunch of thin rods. A cylindrical solenoid also can be represented as a bunch of thin solenoids. In 
this representation, the currents cancel out in the interior, where neighboring components touch each 
other, and only currents on the outside surface have effect on the charge q±. The same phase shift 
formula can be obtained for toroidal solenoids, which were used in Tonomura's experiments |32j 133] - 
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of charges in this problem: First, there is the charge q\ located at a general point in 
space i - ! = (ri x ,ri y ,rx z ) and having arbitrary momentum p x = (pi x ,Piy,Piz)- Also 
there are positive charges of immobile ions in the metal uniformly distributed along 
the loop with linear density P3 and negative charges of conduction electrons having 
linear density p 2 = — P3. 

Let us introduce a few simplification in this problem. First, we are not interested in 
the interaction between charge densities p 2 and P3. Second, the Coulomb interactions 
of charges 1^2 and 1 •*->• 3 cancel each other. Third, it can be shown that if the 
current loop moves with total velocity v, then v-dependent interactions (JTj) of the 
charge 1 with electrons and ions in the loop also cancel each other. Therefore, we 
can assume that the current loop is stationary in the origin, and that only electrons 
in the loop are moving with velocity v 2 « P2/ m 2 whose tangential component is it, 
as shown in fig. [21 Finally, the spins of ions and electrons in the wire are oriented 
randomly, therefore Hamiltonian terms (JED - (02), being linear with respect to particle 
spins, vanish after averaging. Then the potential energy of interaction between the 
charge 1 and the loop element dl is given by the Darwin's formula 



q lP2 dl ( (pi ■ vg) , (pi ■ r)(v 2 ■ r) \ 

Vdl-ql ~ 5 1 3 

In the coordinate system shown in fig. [2] the line element in the loop is dl = ad9 and 
v 2 = ( — it sin 9, u cos 9, 0) . In the limit a — > we can approximate 

_ 1 1 cl(ti x cos $ + r iy si n @) 



r\ r\ 
_ 3 1 3a(r lx cos^ + r^sinl 



r 



1 ' 1 



The full interaction between the charge and the loop is obtained by integrating Vdi- q i 
on 9 from to 2n and neglecting small terms proportional to a 3 



V, 



loop—ql 

aq 1 p 2 



J d9 (—upixSinO + upiyCosl 



1 a(r lx cos 9 + r ly sin 9) 







+ (—wr la sin^ + ur\y cos6')((pi • ri) — pi x a cos 9 — p iy a sin 9) x 
1 3a(r lx cos 9 + ri y sin 9) 



q 2 ngip 2 [ri x p x ] z 
Amic 2 r\ 
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Taking into account the usual definition of the loop's magnetic moment fi 2 = 7ra 2 p2u/c 
(see eq. (5.42) in \§U\) whose direction is orthogonal to the plane of the loop, we find 
that for arbitrary position and orientation of the loop 



y _ gi[/2 2 x r] • pi 

which agrees with the spin-charge interaction in (jHJ) when p 2 = 0. Therefore, the 
acceleration of the charge q± moving in the field of the current loop is also given by eq. 

(USD- 
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